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Abstract

Tolerance allocation is an important design step for determining robot accuracy and directly affecting manufacturing cost.
However, existing methods typically consider dimension synthesis first before tolerances are allocated, which neglects the
manufacturability constraints arising from the dependency between part size and achievable tolerance grades. This often
leads to costly iterations between design and manufacturing and increasing manufacturing cost. To address this issue, an
integrated tolerance allocation and dimensional synthesis method of robot design is proposed for optimizing both position-
ing accuracy reliability and manufacturing cost. The method simultaneously optimizes joint dimensions and corresponding
tolerances by formulating a cost function that captures the relationship between dimensional parameters, robot end-effector
accuracy reliability, tolerance-grade rules, and manufacturing cost. Additionally, a matrix-based Monte Carlo simulation
(MCS) method is introduced to accelerate evaluation workspace-wide reliability under tolerance uncertainty. NSGA-II
multi-objective optimization algorithm is employed to find the Pareto front of the optimal solutions. A case study of a
surgical robot is taken to demonstrate the effectiveness of the proposed approach. Results show that the proposed method
can reduce 22% of manufacturing cost while achieving better positioning accuracy reliability compared to the traditional
tolerance allocation method, and the speed of matrix-based MCS method is improved by 400 times compared to the
point-based MCS method.

Keywords Robot design - Position accuracy - Tolerance allocation - Manufacturing cost

1 Introduction

Robotic manipulators are widely used in industrial and
medical applications, where their structural design must
satisfy multiple performance objectives, such as workspace
coverage, load capacity, positioning accuracy, stiffness, and
manufacturing cost. These objectives are often interdepen-
dent and conflicting, requiring careful trade-offs during the
design process. Among them, positioning accuracy is a key
performance metric, especially in applications demanding
high precision, where the precise location of the end-effec-
tor tip is the critical factor determining task success [1, 2].
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Unacceptable robotic position error may result in severe
consequences, including but not limited to manufacturing
quality deterioration and potential patient safety hazards in
medical applications [3]. Therefore, positioning accurate
design is fundamental to development and manufacturing
of robots, directly influencing their overall performance
and reliability. The positioning accuracy of robots is influ-
enced by factors spanning the entire design, manufacturing,
and assembly processes, as well as the performance of the
motion control system. Among these factors, errors result-
ing from dimensional deviations and assembly tolerances
are major contributors to positioning inaccuracy [4].

In traditional design of robot manipulators, dimensional
synthesis mainly aims for maximum workspace volume,
while accuracy synthesis is taken as secondary objective
after dimensions are fixed. This essentially place the work-
space volume objective as the priority rather than the accu-
racy. Therefore, this method may not be suitable to the robot
design for accuracy applications, in which accuracy is much
more crucial than the workspace volume, or the workspace
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volume is prescribed for the tasks (such as eye surgery)
rather than maximized. In addition, both link dimensions
and manufacturing/assembly tolerances will combina-
torially affect manufacturing cost. The traditional 2-step
approach will miss the opportunity to optimize the com-
bined effects of both dimensions and tolerances on manu-
facturing cost. This highlights the need for an integrated
design method that simultaneously considers dimensions
and tolerances to achieve reliable accuracy with cost-effec-
tive manufacturability.

To evaluate how dimensional and assembly errors affect
robotic positioning accuracy, two main types of modeling
approaches have been developed: analytical methods and
numerical simulation methods. Analytical methods typi-
cally employ differential kinematics and sensitivity analysis
to derive explicit relationships between link errors and the
positional accuracy of end effector. Amanpreet et al. [5, 6]
analyzed the sensitivity of Remote Center of Motion (RCM)
mechanisms and proposed appropriate structural constraints
to ensure accuracy. Similarly, Smits et al. [7] and Shi et al.
[8] conducted detailed kinematic modeling and reliability
analysis for RCM systems, focusing on end-effector posi-
tion errors. On the other hand, numerical simulation meth-
ods use Monte Carlo simulation (MCS) to statistically
evaluate the effect of multiple uncertain parameters across a
range of configurations. However, its computational cost is
often prohibitive due to the inherently large number of ran-
dom samples required. Therefore, approximation methods,
such as low-order statistical moments, have been proposed
to accelerate the evaluation process while maintaining
acceptable accuracy levels. Wu et al. [9] developed a reli-
ability analysis framework based on the statistical moment
similarity of positional errors, allowing efficient evaluation
of positioning accuracy by calculating lower-order statisti-
cal moments. Cao et al. [10] introduced an evidence theory-
based method to model epistemic uncertainty and parameter
correlation, providing a robust positioning accuracy reliabil-
ity assessment for industrial robots. Xu et al. [11] proposed
an uncertain hybrid tolerance allocation (UHTA) approach
for a parallel robotic mechanism. Furthermore, several stud-
ies employed saddle point approximation and differential
kinematics to model the propagation of joint dimensional
errors to the end-effector, achieving accurate reliability esti-
mation with reduced computational cost [12—14]. While
these approximation methods reduce the computational bur-
den on individual configurations, they still require evalua-
tions across a large number of configurations throughout the
entire workspace to obtain reliable system-level accuracy
estimates.

To effectively control position accuracy, tolerance alloca-
tion serves as a key strategy in robot design and manufac-
turing. Numerous studies have been conducted to optimize
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tolerance allocation to ensure robot position accuracy.
These methods consider not only positioning accuracy
but also factors such as manufacturing cost, machining
time, and production feasibility. Thang et al. [15] inves-
tigated the relationship between the cost and tolerance of
machined robot parts, highlighting how tighter tolerances
lead to exponentially increasing manufacturing costs. Trang
et al. [16] transformed the tolerance allocation problem into
a nonlinear multi-variable optimization model and solved
it using the generalized reduced gradient algorithm, focus-
ing on meeting accuracy targets. Similarly, Peng et al. [17]
extended the concurrent tolerance allocation framework
by incorporating geometrical tolerances into multi-process
machining parts, enhancing the control over assembly
precision. Gao et al. [18] proposed a tolerance allocation
method for 6- Degrees of Freedom (DOF) manipulators
based on Denavit-Hartenberg (D-H) parameters, utilizing
an extremum error model to balance positioning accuracy
and manufacturability. Lenin et al. [19] proposed a two-step
optimization method to minimize both tolerance cost and
machining time in complex assemblies. Maroua et al. [20]
developed a genetic algorithm-based tolerance allocation
method that integrates manufacturing difficulty prediction,
aiming to reduce production costs while ensuring functional
and quality requirements. Wang et al. [21] further expanded
the scope by incorporating production rate planning and
waste minimization into the tolerance allocation process.
Similarly, Wang et al. [22] proposed an accuracy synthe-
sis approach for parallel mechanisms that considers allow-
able accuracy thresholds within the workspace to balance
positioning performance and manufacturing cost. Huang et
al. [23] proposed an optimal tolerance design approach for
robot manipulators by integrating differential kinematics,
eigen-decomposition, and genetic algorithms to minimize
failure probability while considering manufacturing cost
constraints. Recent work has also shown that systematic tol-
erance optimization can significantly reduce manufacturing
cost while maintaining functional performance [24]. While
tolerance allocation methods have been extensively studied,
they are often performed based on pre-defined dimensional
parameters, without considering how the selection of these
parameters influences achievable tolerance grades and over-
all production cost.

In parallel, a number of studies have focused on the
dimensional optimization of robotic manipulators, primar-
ily aiming to improve workspace coverage, motion perfor-
mance, and mechanical properties. For instance, Smits et
al. [7] proposed a 2-DoF RCM mechanism and optimized
its structure by considering workspace coverage, potential
energy, manipulability, and reflected stiffness. Qiu et al.
[25] developed a parallel surgical robot with a remote cen-
ter of motion and employed a multi-objective optimization
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approach using quantum particle swarm optimization to
enhance the effective workspace volume and global dex-
terity. Similarly, Wang et al. [26] utilized a multi-objective
optimization method to adjust the dimensional parameters
of a robotic manipulator, aiming to enlarge the motion range
within a specific target area while reducing potential colli-
sions between mechanical arms.

Despite significant progress in tolerance allocation and
dimensional optimization, most existing methods treat
dimensional design, tolerance allocation, and manufacturing
feasibility as separate processes [27]. In the design phase,
tolerances are typically assigned based on predefined link
dimensions without considering the manufacturability con-
straints imposed by their interdependence. This can result in
assigning overly tight tolerances to large-sized links, which
significantly increases machining difficulty due to the inher-
ent relationship between dimension and achievable toler-
ance. As a consequence, repeated iterations between the
design and manufacturing stages are often required to meet
task and manufacturing requirements, leading to higher pro-
duction costs and reduced efficiency.

To address these limitations, this paper proposes a simul-
taneous dimension and tolerance design method of robotic
manipulators, as shown in Fig. 1. The proposed approach
jointly optimizes joint dimensions and corresponding toler-
ances by establishing a cost function that reflects the rela-
tionship between dimensional parameters, tolerance-grades
and manufacturing cost. An error propagation model is
developed to quantify the effect of joint dimensional and
assembly errors on end-effector positioning accuracy. To
enable efficient evaluation across the entire workspace, a
matrix-based Monte Carlo simulation method is introduced,
achieving significant computational speedup compared to
conventional sampling approaches. Based on these mod-
els, an optimization method is formulated to minimize total
manufacturing cost while satisfying specified positional

Fig. 1 The flowchart of simulta-
neous dimension and tolerance

accuracy reliability requirements. The effectiveness of the
proposed method is demonstrated through a case study on
a surgical robot, which achieves a better balance between
positioning accuracy, cost and manufacturability than tradi-
tional tolerance allocation approaches.

2 Positioning accuracy reliability model

This section establishes the modeling process for evaluating
the positioning accuracy reliability of robots. It begins by
describing the kinematics using the D-H parameter method,
followed by a Jacobian-based error propagation model
that relates joint parameter deviations to end-effector posi-
tional errors. A probabilistic approach is then introduced to
quantify the positioning accuracy reliability, defined as the
probability that the end-effector remains within a specified
accuracy threshold across the workspace.

2.1 Forward kinematic modeling using the D-H
parameter method

In the ideal scenario, the kinematic behavior of a robot
manipulator is described using a deterministic model based
on known geometric parameters. In this study, the D-H
method parameter is adopted to model the forward kinemat-
ics of the robot [23]. By assigning coordinate frames to each
joint, the relative transformation between adjacent links is
defined through four parameters: joint angle 6;, link length
l;, link offset d;, and link twist ;. Specifically, the homo-
geneous transformation matrix from the (i — 1) — th to the
1 — th coordinate frame is expressed as:

cosf; —cosa;sinf; sina;sinf; [l cos0;
i sinf; cosa;cosf; —sina;cosl; [;sinb; . .
Ti.= sin a; COoSs v; d; =12, K, (1)
0 0 0 1
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where K is the number of joints. The complete transfor-
mation from the base frame to the end-effector frame for a
serial robot is obtained by successive multiplication of each
transformation of joint:

I . N S . i
Ty =ITi= |y v g D, @)
=1 0 0 0 1

where n;, s; and [; are the orientation vectors, and

T
p; = (pimvpiwpiz)
the base frame.

represents the end-effector position in

2.2 Kinematic error propagation modeling

However, in practical robotic manipulator applications,
manufacturing tolerance deviations introduce unavoidable
uncertainties to kinematic parameters. These uncertainties
propagate through the kinematic chain, leading to devia-
tions between the actual and target positions of the end-
effector, which is the positional error.

Let P, = (X,,Y,,Z,)" and P, = (X;,Y;, Z,)" denote
the actual and target positions of the end-effector. The posi-
tional error AP is defined as,

AP = P, — P, = (AX,AY,AZ)". 3)

Based on the kinematic model, the positional error AP
can be expressed as a function of the kinematic parameter
errors, including joint angle errors A6;, link length errors
Al;, joint offset errors Ad;, and link twist errors Aq; from
each jointi. Let q; = (Af;, Al;, Ad;, Aa;)" represents the
kinematic parameter errors associated with the ¢ — th link
in the kinematic chain, the error propagation model is for-
mulated as,

AP=XJ;-e)=X(J;-I,-q;) =X (h;-q,), “4)

where J; is the equivalent transformation matrix, and e; is
the pose errors. Ii is the error transformation matrix relat-
ing joint parameter errors to pose errors. h; is the positional
error coefficient matrix.

The equivalent transformation matrix J; is expressed as,

Niz  Niy Niz (P X M), (P X "li)y (ps x m3),
Ji=| s Sy sz (Pixsi), (Pixsi), (Pixsi), |. %)
ae ay an (pixb), (s x L), (px L),

The matrix .J; presented here corresponds to the positional
error. It is important to note that this framework is generic.
If orientation accuracy is required for other applications, .J;
can be readily expanded to include rotational components
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(forming a 6 x 6 transformation matrix), and the subsequent
matrix-based reliability evaluation remains applicable.

The pose error e; is linearly related to the kinematic
parameter error vector g; through [14],

dz; 0 0 1 0
dy; licosa; 0 sina; 0 Ab;
dz; —lisina; 0 cosa; O Al
&=lsm || 0 0 || ad | =T (6)
oy; sin oy 0 0 0 Aaq;
0z; COS 0 0 0

By analyzing the matrix I;, it can be observed that the coef-
ficients in the rows corresponding to orientation errors (the
last three elements of e;) are zero for the columns associ-
ated with linear parameters Al; and Ad;. This mathemati-
cally confirms that manufacturing errors in link lengths and
offsets affect only the position of the end-effector and do
not induce orientation errors. It should be noted, however,
that this conclusion is valid only for serial mechanisms. For
parallel mechanisms, dimensional errors in link lengths and
offsets may affect the end-effector orientation due to kine-
matic coupling introduced by closed-loop constraints. The
herein study focuses on simultaneous dimension and toler-
ance design of serial robotic mechanisms accounting for
manufacturing cost and positioning accuracy.

2.3 Positioning accuracy reliability evaluation

Considering the kinematic parameter errors from all links,
it is convenient to assemble these errors into a unified vec-
tor form for further calculation. The overall error can be
expressed as Q =1[q;,95,---,9q K]T Accordingly, the
cumulative end-effector positional error can be written in
compact matrix form,

AP = HQ, %)

where H = [hy, ha, ..., hily, , is the positional error
coefficient matrix determined by the kinematic structure of
robot. To quantitatively evaluate the positioning accuracy,
the performance function is defined as the Euclidean norm
of the end-effector positional error,

E(Q)=VAP'AP=\/Q"H"HQ, (8)

where E (Q) is the performance function of positioning
accuracy due to kinematic parameter errors Q.

Based on the established positioning error model, the
reliability of positioning accuracy is defined as the probabil-
ity that the end-effector positional error remains within the
allowable limit. Specifically, failure probability of the posi-
tion accuracy can be expressed as,
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pr=P{E(Q)>r}, )

where r is the allowable error, p; is the failure probability.

In summary, the positioning accuracy reliability model
provides a quantitative means to evaluate how the joint
parameter errors affect the positional deviation of the end-
effector. By ensuring that the failure probability across all
sampled target points remains below a specified threshold,
the positioning reliability of the robot can be systematically
controlled. This reliability criterion will be integrated into
the optimization method as one of the objective functions,
guiding the allocation of joint dimensions and tolerances to
achieve both high positioning accuracy and low manufac-
turing cost.

3 Dimension-tolerance-cost modeling

This section focuses on modeling the interrelated effects of
joint dimensions, manufacturing tolerances, and manufac-
turing cost. Tighter tolerances typically increase manufac-
turing difficulty, especially when constrained by component
size. To support cost-aware tolerance design, the section
first describes how tolerance-induced errors are modeled,
followed by a dimension-dependent cost formulation that
reflects manufacturing feasibility.

3.1 Modeling of tolerance-related errors

Specifically, the achievable tolerance level of each link is
constrained by its dimensional parameters, and tighter tol-
erance generally requires higher manufacturing precision,
leading to increased production costs. By formulating a cost
model that incorporates these dependencies, the integrated
optimization method can balance positioning accuracy and
manufacturing feasibility.

In this study, the kinematic parameter errors are primarily
attributed to manufacturing imperfections, such as dimen-
sional deviations introduced during machining and assembly
processes. Each kinematic parameter error g, is assumed to
arise from manufacturing variability. These errors are con-
sidered to follow independent Gaussian distributions due to
the stochastic nature of the manufacturing process. Specifi-
cally, the error component w in g, is modeled as:
w~N(0,02), (10)
where o, 1s the standard deviation of the dimensional error.
According to the widely adopted three-sigma principle in
manufacturing quality control, the assigned manufacturing
tolerance 7, is directly related to the standard deviation:

Ow = (7 - (11)

3.2 Dimension-dependent cost model

In practical manufacturing, the achievable tolerance of a
component is inherently influenced by its nominal dimen-
sion. International standards, such as ISO 286, provide
systematic guidelines for assigning tolerances based on the
nominal size of the part. However, most existing tolerance
allocation methods focus solely on assigning dimensional
tolerances in the design phase, without fully considering
whether such tolerances are practically achievable during
manufacturing, especially under the influence of the size-
dependent tolerance limits. Ignoring this interdependence
may result in infeasible or overly costly designs that require
iterative redesign.

To address this gap, this study explicitly incorporates
the size-dependent tolerance constraint into the overall cost
function. By embedding the correlation between component
dimensions, allowable tolerance levels, and manufacturing
cost, the proposed model ensures that the allocated toler-
ances are not only optimal for positioning accuracy but also
realizable within manufacturing capabilities associated with
minimum cost.

Specifically, the manufacturing cost is modeled as a func-
tion of dimensions and assigned tolerances,

K

C:ZC(li7Ti)> (12)

i=1

where [; and 7; denote the nominal length and tolerance of
the 7 — th link, respectively. The cost function C'(L;, ;) is
formulated to include:

C1¢2
e + COyl;. (13)

K2

C (LivTi) =

where C7, Cy and Cs are empirical coefficients, and Cy
material-dependent cost coefficient. The first term reflects
the exponential increase in manufacturing difficulty and
cost associated with tighter tolerances and larger dimen-
sions [28]. The second term C}l; represents the material
cost that scales linearly with link length. This model pro-
vides a more flexible and continuous formulation compared
to discrete ISO-grade-based cost coefficients, enabling a
more accurate representation of size—tolerance—cost inter-
actions in precision manufacturing. Note that this cost func-
tion only accounts for length-related tolerances but not
angular tolerances.
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The proposed cost function quantitatively captures the
relationship between dimension, tolerance, and manufac-
turing cost, thereby enabling the integration of manufac-
turing feasibility into the structural design phase of robotic
systems. Consequently, the optimization process naturally
favors tolerance allocations that are within manufacturable
limits while balancing positioning accuracy and production
cost. This integrated approach effectively bridges the gap
between idealized design parameters and actual manufac-
turing capabilities.

4 Optimization method for tolerance
allocation

4.1 Matrix-based Monte Carlo simulations for
reliability evaluation

To evaluate the positioning reliability across multiple work-
space locations under geometric uncertainty, a matrix-based
MCS method is proposed. Unlike conventional approaches
that compute sample-based error propagation separately
for each position, this method reformulates the reliability
analysis into a batch matrix structure, enabling efficient par-
allel computation over all sampled configuration and Monte
Carlo simulations.

Assume the manipulator consists of K links, and each
link contributes four independent kinematic error param-
eters. Let the total number of kinematic error sources be4 K,
denoted by the set (w1, wo, ..., war]. To quantify the influ-
ence of kinematic uncertainties on positioning accuracy, a
subset of .S parameter error sources is selected from the total
4 Kkinematic parameters. Each element in the kinematic
parameter error follows a zero-mean Gaussian distribution
ws ~N(0,02), s € {1,2,..., S}, with variance derived
from the tolerance model described in Sect. 3.2. To effi-
ciently propagate the effect of these uncertainties to the end-
effector, a global sampling matrix is constructed by drawing
N samples from the joint Gaussian distributions. For each
error source, N independent samples are drawn from its dis-
tribution, forming the individual sampling vector,

e RV, (14)

where w? denotes the j — thsample of the s — th error
parameter. The sampled vectors from all s error sources
are then aggregated into a global sampling matrix

T
w= Wi wl .. WL ecRrSV,
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To ensure that positioning accuracy is satisfied through-
out the entire workspace, the motion space is discretized
with M sampled configurations. Each configuration rep-
resents a specific point of the robot during operation. For
each configuration m € {1,2,..., M}, the corresponding
positional error coefficient matrix is H,, € R3*°. These
matrices capture the sensitivity of the end-effector position
to the selected kinematic parameter deviations at different
configurations. By stacking them, a three-dimensional error
propagation tensor is constructed,

H=[ Hy,Ho,...,Hy |" € RM*3x5, (15)

This tensor enables efficient batch computation of propa-
gated errors across all configurations using the same global
errors sampling matrix W of kinematic parameter. Based on
the previously defined error coefficient tensor H € R3*5xM
and the global errors sampling matrix W € RS*N  the end-
effector positional errors at all M sampled configurations
under N error samples can be computed simultaneously.
To streamline the computation across all positions, a matrix
multiplication is applied between H and W,

,P:HWERJWXBXN’ (16)

Here, each slice P,,, € R3>*YN in P =[Py, Py,..., Pyl
represents the sampled 3D positional deviations at configu-
ration m. The Euclidean norm of each column in P, yields
the error magnitudes for all samples, formulated as:

EF =P 7, = (Pijx)’- (17)

Given an allowable threshold r, the positioning failure
probability at each configuration is defined as the ratio of
samples that exceed the allowable error limit,

N
F= %ZH ("Pik?y > 7) F €RY, (18)
k=1

where I is the indicator function, returning 1 if the con-
dition holds, and 0 otherwise. F is failure probability in
all sampled configurations. Accordingly, the positioning
reliability R € RM of all configurations can be expressed
as R =1— F. This formulation enables efficient batch
evaluation of positioning reliability for workspace
through matrix operations, providing a foundation for
integrating reliability constraints into the optimization
method.
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4.2 Multi-objective formulation and design
parameters selection

To achieve a balance between high positioning accuracy and
manufacturability, a multi-objective optimization method is
established. The objectives are to minimize the maximum
failure probability of positioning accuracy—quantified by
workspace positioning reliability—and the manufacturing
cost associated with joint dimensions and tolerances.

The multi-objective optimization problem can be
expressed as:

minmax (F)
xr M

min Y2y C(li, ) (19)
stawg ~ N(0,72_ /9)

min max
T S Tw, < T

Then, optimization algorithm (e.g., genetic algorithms)
could be used to optimize the multi objective problem. The
final solution can be selected from the Pareto front based on
design constraints, performance priorities, or manufacturing
capabilities. In summary, the multi-objective tolerance and
dimension design process is outlined as follows:

Step 1. Define the design variables, including selected
link lengths and its associated tolerance values. Initial-
ize the population with random samples within the fea-
sible bounds.

Fixed Tabs where the
XYZ stage is attached

Parallel Linkage Frame

Gear Cassette:
holds motors
and gears that
drive yaw &
pitch motion

Step 2. For each individual with specified of dimen-
sions and tolerances in the population, construct the er-
ror sampling matrix WV based on Gaussian distributions
with standard deviations derived from the correspond-
ing tolerances.

Step 3. Compute the positional error coefficient tensor
‘H for all sampled workspace configurations.

Step 4. Calculate the propagated positional errors and
evaluate the positioning reliability R at each sampled
configuration using matrix-based methods.

Step 5. Evaluate the objective functions: (1) minimize
the maximum failure probability (maximize reliability),
and (2) minimize the total manufacturing cost as defined
in Sect. 3.2.

Step 6. Apply optimization operators to evolve the pop-
ulation: perform crossover, mutation, and selection.
Step 7. Repeat Steps 2—6 until the maximum generation
is reached or convergence criteria are satisfied. Output
the Pareto-optimal solutions for dimension and toler-
ance allocation.

5 Case study on dimension and tolerance
optimization of a new surgical robot

This section presents a case study to validate the proposed
integrated tolerance optimization method using a surgical
robot with a mechanically constrained RCM mechanism,
as shown in Fig. 2. The case focuses on analyzing the
impact of link dimensional parameters and manufacturing

2™ Arm inclined

Stationary Circular to avoid nose

Gear Track

CFRP Tubes

Housing for Linear
Tool Actuator

Tool Changer Assembly

ﬁ//’

— e —
Anatomical Model
scaled to maximum

dimensions from Table 3

Fig. 2 Physical structure of the RCM mechanism integrating a parallel linkage frame and circular gear track
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tolerances on the positioning accuracy, under the constraints
of surgical precision and manufacturability. First, the struc-
ture and motion characteristics of the robot are introduced.
Then, a simplified kinematic model is established to support
error propagation and optimization. Finally, multi-objective
optimization is conducted, and the results are analyzed to
demonstrate the effectiveness of the proposed method in
balancing accuracy and manufacturing cost.

5.1 Mechanism description

The manipulator is configured to provide 4 degrees of
freedom (DoFs) at the tool tip relative to the RCM. It is
constructed by a stationary circular gear track on the base,
followed by parallelogram mechanism to provide the pitch
motion at a mounting platform. This arrangement enables
65° pitch and +£45° yaw rotations, allowing sufficient
motion range during surgical operation while maintaining
the RCM constraint. A linear actuator is mounted to control
the translational insertion motion of the surgical tool along
the tool axis, providing up to 10 mm range and continuous
roll motion about the tool axis is achieved at the distal end.

5.2 Kinematic modeling with link parameters

Figure 3 (a) shows the kinematic description of the robot
mechanism. The circular gear track and yaw motion are rep-
resented by a fixed revolute joint (A) at the base. The planar
parallel linkage frame is simplified into four-bar linkages (B
to I) enabling pitch motion about the RCM point. The distal
section, responsible for tool insertion and roll, is modeled
by a prismatic joint (J) and a revolute joint (K).

It is worth noting that the RCM mechanism contains a
parallelogram-based parallel structure, whose primary func-
tion is to impose geometric constraints, i.e., the two pairs of
opposite sides always parallel to each other (i.e., BF // HK,
FH // BK) to maintain the position of the remote center of
motion. Meeting these parallel constraints is always the first
priority in fabrication and assembly as failing to achieve it
will result in assembly difficulties, orientation errors, and

Fig. 3 Kinematic description of (a)
the RCM mechanism
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even invalid kinematic mode [29]. The error budget of par-
allel mechanisms is not the focus of this herein study, and
the parallelogram structure is simplified into an equivalent
serial kinematic chain associated with these parallel con-
straints. Therefore, the position errors of joints B, F, and H
(as shown in Fig. 3) are accounted for this study. Because
two of the links primarily serve to maintain the RCM prop-
erty and do not introduce independent motion, these are
omitted in the simplified kinematic chain (Fig. 3 (b)), and
their effect is embedded as geometric constraints. The paral-
lelogram structure inherently possesses one degree of free-
dom, with joint B as the only actuated input. The motions of
other joints (e.g., H and F) are passively determined by the
linkage constraints. To enable a simplified serial representa-
tion of the mechanism while maintaining its essential motion
characteristics, two geometric constraints are transformed
into constraints in D-H parameters of the mechanism. The
first constraint is the introduction of an initial reference
angle 6y, defined as the angle ZABC when the distal link
HR is aligned horizontally. This parameter represents the
reference configuration of the parallelogram and allows the
dependent joint angles to be expressed as functions of §,and
fo. The second constraint is a geometric length constraint
defined in the reference configuration, where the distal link
HR is horizontal. In this configuration, the links l,,., /4, and
[t form a triangle, with the angle between [,; and ¢, equal
to the initial reference angle 6.

Based on the above joint configuration and constraint
relationships, the forward kinematic model of the RCM
mechanism is established using forward D-H method, and
the corresponding D-H parameters for the mechanism is
summarized in Table 1.

5.3 Optimization results and analysis

The optimization is performed based on the idealized kine-
matic model. The link parameters include the kinematic
parameters of three structural links (lap,lss,! fh,lhj) and
the corresponding tolerance T = (Tab,be,Tfh,Thj). Due
to the mechanical constraints that the lengths (lab,l fh)

¥
=

Xj Xk
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Table 1 D-H parameters of mechanism

Joint Number Joint angle (6) Joint offset (d) Link twist (a) Link length () Range

A 1 0 0 pi 0 -

B 2 0a 0 3/2xm lab +45°

F 3 0y 0 0 loy 65°

H 4 T+ 600 — O 0 0 lin -

J 5 /2 — 6o + 0p 0 /2 0 -

K 6 Ok lhj +D 0 0 360°/10mm

and (lpf,ln;) must satisfy constrains mentioned above,
only two link lengths and four tolerance-related param-
eters are selected as independent variables in the opti-
mization process. Therefore, four link parameter errors
W = (Aly, Als, Aly, Alg) are modeled as the random
variables  w; ~ N (0,02) s € {1,2,3,4}, which

Ow, = Tw, /3.

Considering that the application target of this study is
robotics, ISO 286 is adopted as the reference standard for
tolerance classification and cost modeling, which is devel-
oped for high-end manufacturing fields such as robotics and
aerospace. The standard defines 13 nominal size ranges and
20 tolerance grades, commonly referred to as IT (Interna-
tional Tolerance) grades. Based on engineering practices,
the tolerance grades for all link parameters are preliminar-
ily selected within the ISO IT2-IT11 range. Specifically,
the cost function is derived from the exponential relation-
ship suggested in reference [28], which relates the toler-
ance level to manufacturing complexity, and the following
coefficients are adopted: C; = 0.0896, Cy = 0.183, and

in

C5 = 0.55. Considering that tolerance-related and material
costs are approximately equal for an IT7-level tolerance at a
nominal length of 500 mm, and assuming that material cost
scales linearly with component length, the length-dependent
coefficient is set as Cy = 0.0971. The relationship among
dimension, tolerance, and cost is illustrated in the Fig. 4.

In Fig. 4(a), the length-tolerance related cost are con-
sidered, which shows that the cost increases sharply when
tighter tolerances are required, and increases more gradually
when the link length grows. This illustrates a realistic cou-
pled relationship in which both geometric size and precision
requirements jointly influence manufacturing cost. produc-
ing a coupled cost landscape. In Fig. 4(b), the linear length
term is removed, leaving only the length -tolerance-driven

C,1?

component —z-. As a result, for high-tolerance (small 7;)

regions the cost surface becomes relatively flat, indicat-
ing that loose tolerances are dominated by the tolerance-
dependent term and thus less sensitive to length variation.
However, as tolerances become loose, the influence of link
length gradually emerges, reflected in the increasing slope of

Fig. 4 Cost contour with respect (a) Cost contour considering length and tolerance cost (b) Cost contour considering length and tolerance cost (without length cost)
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iso-cost contours along the L;direction. Figure 4(c) shows
the case where only the length-related term Cyl; is retained.
Figure 4(d) presents the cost model frequently used in exist-
ing literature, where only the tolerance term is considered
and ignores the length influence on tolerance. Although this
formulation captures the basic effect of tolerance tightening,
it neglects the fact that manufacturing the same tolerance on
longer components is inherently more difficult and costly.
Consequently, the cost contours appear entirely horizontal,
implying identical cost across different lengths. Comparing
Fig. 4(a) with Fig. 4(d) reveals an important limitation of
the traditional tolerance-only model that it fails to account
for the coupling between tolerance and link size, leading
to noticeable bias in cost estimation when link dimensions
vary. By contrast, the full model in Fig. 4(a) provides a more
realistic mapping of manufacturing cost, which is essential
for accurate multi-objective optimization involving both
dimensions and tolerances.

Furthermore, considering the parallelogram mechanism
structure of the manipulator, the cost estimation additionally
includes the influence of link lengths ., and lg;. To ensure
geometric consistency, l., shares the same length and toler-
ance parameters as I, while [g; set to match [ ¢,.

The workspace analysis primarily considers the variations
introduced by variables 6, (yaw), 0,(pitch), and D (inser-
tion depth), while 6 accounts for the tool’s rotational
motion and is excluded from spatial sampling. To evalu-
ate the positioning accuracy reliability, the joint angles are
sampled at 3° intervals and the prismatic joint D is sampled

at | mm intervals, resulting in a total of 6600 configurations.
To determine a sufficient number of MCS for reliable esti-
mation, three representative configurations were randomly
selected. For configuration, the convergence behavior was
evaluated by varying the number of samples from 1,000 to
6,000. At each sampling level, 30 independent trials were
conducted to observe the distribution of the estimated fail-
ure probabilities. In addition to MCS, the convergence of
Latin Hypercube Sampling (LHS) was evaluated using the
same procedure to provide a variance-reduced baseline for
comparison. The results are illustrated in Fig. 5.

Figure 5 compares the convergence behavior of the fail-
ure-probability estimation when using MCS (Fig. 5 (a)) and
LHS (Fig. 5 (b)). As shown in Fig. 5(a), when the number
of MCS exceeds 4,000, the variation in failure probabil-
ity remains within 1%, and the results exhibit stable con-
vergence. Therefore, 4,000 MCSs are performed at each
workspace sampling point following error distributions to
estimate positioning accuracy reliability. In contrast, Fig. 5
(b) shows that LHS achieves stable estimation with fewer
samples, approximately 3000 samples are sufficient for
all three points to fall within the same 1% deviation band.
This improvement results from stratified sampling in LHS,
which enhances the coverage of the input space and reduces
estimator variance.

To verify the computational efficiency of the proposed
matrix-based MCS method, a comparison was conducted
against the conventional MCS approach and LHS approach.
As shown in Fig. 6(a), when the number of configuration
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or samples is small, the conventional MCS method remains
relatively manageable; however, as the problem size scales
up, its computation time grows rapidly due to the need to
perform repeated individual kinematic evaluations. In con-
trast, the matrix-based method maintains its efficiency by
leveraging vectorized operations to simultaneously com-
pute positional errors across all samples and configurations.
Figure 6(a) also shows that LHS-MCS, while providing
lower variance in probability estimation, does not reduce
computational time.

The computational advantage of the proposed matrix-
based MCS method becomes increasingly pronounced
with the growth of both sampling configurations and MCS
sample size. As illustrated in Fig. 6(b), the speedup reaches
more than 600x for 1000 samples, exceeds 800x for 2000
samples, and surpasses 1200x for 4000 samples when eval-
uating the full 6600-configuration workspace. This trend
demonstrates excellent scalability with respect to both the
number of samples and the number of configurations. In con-
trast, LHS-MCS shows negligible speedup and even slight
slowdown due to its additional sampling cost. These results
highlight that the proposed matrix-based MCS approach is
highly efficient and well suited for high-resolution reliabil-
ity evaluation in robotic design optimization.

Based on practical application requirements, the allow-
able positional accuracy threshold for the robotic system is
set to 0.050 mm. The joint parameter tolerances are con-
strained within the range of 0.010-0.150 mm, and the link
lengths are bounded between 200 mm and 500 mm. Addi-
tionally, the positioning failure probability must not exceed
0.10. Under these constraints, the complete tolerance design
model is formulated as follows:

minmax (R6600)
x M
min Y0, C (Li, ;)
2
W ~ N(o, %s) se{1,2,...,4)
st. 0.010mm < 7, < 0.150mm (20)

200mm < L; < 500mm

max (R6750) <0.10
M

The NSGA-II multi-objective optimization algorithm is
employed to solve the above tolerance design model. The
population size is set to 20, and the number of generations
is set to 60. The optimization results are illustrated in Fig. 7.
From Fig. 7 (a), the optimization process shows clear con-
vergence. A set of Pareto-optimal solutions is obtained, as
illustrated in Fig. 7 (b), where feasible configurations meeting
the reliability constraint exhibit cost values ranging from 14
to 18. Using the entropy evaluation method [30], an optimal
solution is selected from the Pareto set, as indicated in Fig. 7
(b). A comparison is also conducted with an existing model
[23] that considers only the tolerance-cost relationship(T-C
model) with pre-determined length parameters, in which all
joint errors are assumed to follow the IT7 tolerance grade.
Both approaches use the same optimization algorithm, param-
eter settings, and entropy-based solution selection method.
The only difference lies in the cost model with or without
link dimensions. The configurations of the optimal solutions
obtained from the two methods are summarized in Table 2.
As observed in Table 2, the proposed method achieves
a comparable failure probability (0.022) to the traditional
method using a T-C model (0.027) while reducing the overall

Fig.7 Optimization results. (a) (a) (b) o010 = < Selacted soltions
Hypervolume convergence. (b) o o @ s, Parelo front sokons
Pareto front of optimization &
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results 2
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Table 2 Optimized parameters of selected solution
Method lab loy Tab Tfh Thj Failure probability Cost
(mm) (mm) (um) (um) (um) (um)
The proposed method 203 201 15 29 63 0.022 15.28
Tolerance grade - - 1T4 IT6 IT5 1T7 -
T-C model 400 600 18 26 58 0.027 19.50
Tolerance grade - - 1T4 1T4 IT6 -
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cost from 19.50 to 15.28, which is a reduction of approxi-
mately 22%. This demonstrates its ability to maintain reli-
ability with significantly improved cost efficiency. Notably,
by explicitly incorporating link dimension constraints into
the optimization, the proposed method tends to allocate
larger tolerance values overall, leading to higher tolerance
grades (e.g., IT4 to IT7), which are generally more eco-
nomical to manufacture. For the four commonly optimized
tolerance parameters (7,p, T, T#n and 7p;), the proposed
method yields mixed outcomes in terms of numerical toler-
ance values. Although the tolerance values of 7,4, and 7 ¢
are slightly lower than those in the T-C model, their corre-
sponding IT grades are higher (i.e., IT4 and IT6 vs. IT4 and
ITS), indicating a more realistic and practical choice that
aligns with feasible manufacturing standards. In contrast,
the T-C model, while initially assuming IT7 for all toler-
ances, produces an optimized solution with some tolerances
falling into tighter and potentially costlier ranges. This out-
come suggests that without considering the dimension—tol-
erance dependency, the optimization tends to over-constrain
tolerances to minimize positioning error, potentially lead-
ing to higher production cost and impractical manufactur-
ing requirements. By integrating dimension-aware tolerance
feasibility, the proposed method provides a more realistic
and cost-effective solution.

A correlation analysis based on Pearson correlation is
conducted on the Pareto-optimal solutions obtained by the
proposed method to reveal the interdependence between
dimensional parameters, cost, and positioning reliability. As
shown in Fig. 8, in addition to the expected trends, such
as the negative correlation between failure probability and
cost, the negative correlation between tolerance values and

0.00

-0.75

Fig. 8 Correlation of design parameters, cost, and failure probability
derived from Pareto-optimal solutions

@ Springer

cost, and the positive correlation between tolerance values
and failure probability, some notable insights emerge from
the analysis. Specifically, the tolerance parameters Als
and Al, exhibit significantly stronger positive correlations
with failure probability (0.89 and 0.91) compared to Al
and Alg (0.75 and 0.71). This indicates that the positioning
accuracy of the two joints in the parallel linkage structure
plays a more critical role in determining the overall posi-
tioning reliability of the mechanism. Therefore, a parallel-
ogram linkage is employed to mitigate the propagation of
dimensional errors from these critical joints. The symmetri-
cal geometry and kinematic redundancy inherent in parallel
structures help localize error effects and enhance the overall
positioning reliability of the mechanism.

The failure probability distribution within the workspace
is illustrated in Fig. 9. It can be observed that most points
exhibit failure probabilities in the range of 0.025 to 0.036,
where the maximum failure probabilities is 0.036. Regions
with relatively higher failure probabilities are concen-
trated in the inner areas of the workspace, while the outer
workspace regions demonstrate lower failure risks. This
distribution pattern indicates that the optimized tolerance
configuration effectively satisfies the reliability require-
ments for surgical robotic applications, where workspace
boundaries are typically critical for task execution.

6 Discussion and conclusion

This paper proposes a novel simultaneous dimension and
tolerance design approach that explicitly incorporates the
relationship between dimensional size and achievable toler-
ance, enabling simultaneous optimization of manufacturing
cost and positioning accuracy reliability. By constructing a
cost model that couples link dimensions tolerance, and cost,
the proposed method accounts for both tolerance difficulty
and part dimensions, leading to reduced manufacturing
cost and manufacturing complexity. To efficiently evaluate
reliability across the full workspace, a matrix-based MCS
method is developed. This approach enables batch computa-
tion of end-effector accuracy under uncertainty using matrix
operations, achieving over 400 times speedup compared to
conventional MCS while maintaining accuracy. A case study
is conducted to verify the proposed method. The case study
results demonstrate that the proposed simultaneous design
method achieves comparable positioning reliability to tra-
ditional tolerance-cost models, while significantly reduc-
ing manufacturing cost by approximately 22% in the test
case. Furthermore, by considering the dependency between
link dimensions and tolerance grades, the method enables
the use of looser tolerance classes (e.g., IT4 to IT7) that are
more consistent with practical manufacturing capabilities,
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Fig.9 Failure probability
distribution across the robot
workspace

Incision

Incision

thereby reducing machining difficulty and improving cost-
efficiency. These findings highlight the practical advantage
of integrating dimension-tolerance coupling into the design
process for high-precision robotic systems. Furthermore, in
scenarios where orientation error is critical, the proposed
method can be applied to evaluate orientation reliability and
positional reliability separately using matrix-based MCS
method. These metrics can then be optimized simultane-
ously as distinct objectives within the multi-objective opti-
mization framework.

The current cost model focuses on dimensions and tol-
erance constraints for only serial robots. Future work will
extend the error propagation model to account for all types
of errors including joint assembly conditions for both serial
and parallel robotic mechanisms.
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